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Abstract

The classical methods of real data interpolation can be generalized with fractal
interpolation. This paper extends the classical Hermite interpolation by means of a
class of fractal interpolants. This problem prescribes at each support abscissa not
only the value of a function but also its derivatives up to any finite order. Some
error bounds of Hermite fractal interpolation function with respect to the data gen-
erating function are derived.
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1 Introduction

Interpolation plays major roles in classical Numerical Analysis. The classical methods
of numerical quadrature, numerical integration of ordinary differential equations, numeri-
cal differentiation can be studied by means of interpolation functions. We focus attention
on a special class of continuous functions, called as fractal interpolation functions (FIFs)
constructed by means of iterated function system (IFS). FIFs constitute an advance in
the techniques of approximation, since all the classical interpolants can be generalized by
means of fractal interpolants [9, 10].

Barnsley [1,2] first developed the theory and applications of FIF's for the approximation
of naturally occurring phenomena showing some sort of self-similarity under magnification.
Barnsley and Harrington [3] introduced an algebraic method for the construction of a
restricted class of C"-FIF f that interpolates the prescribed data by providing values of

f® ke =1,2,...,r, at the initial end point of the given interval. However, in their method
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of construction, specifying boundary conditions similar to those for classical splines was
found to be quite difficult to handle. Spline FIFs with general boundary conditions are
proved recently (see for instance [5,11]).

Hermite’s interpolation formula [8] provided an expression for a polynomial which
passes through given points with given slopes. The interpolation problem is called Hermite
if it compromises only interpolation of consecutive derivatives, commencing with the value
of the function itself at all the given mesh point and it is a particular case of the Hermite-
Birkhoff interpolation problem [4]. Spitzbart [14] deduced the explicit Hermite polynomial
formula so as to include the values of derivatives up to specified and arbitrary orders at
the mesh points. The generalized Hermite interpolation plays an important role in radial
basis functions [7] and computer graphics [13]. Navascués and Sebastian [11] generalized
Hermite functions by fractal interpolation where the problem is prescribed with values of
a function and its p derivatives at mesh points. Our approach is more general in the sense
that the generalized Hermite FIF matches with the values of derivatives up to specified,
arbitrary orders which depend on the points of the partition.

In Section 2, we discuss the basics of FIF. In Section 3, the generalized Hermite FIF
is constructed by using classical Hermite interpolation and upper bounds for the error of
the generalized Hermite FIF with the original function generating the data are deduced.

The effect of the scaling factor is shown in Section 4 with a suitable example.

2 Fractal Interpolation Functions

Suppose {(t,,z,) € [to,tn] x R :n = 0,1,2,..., N} is a given set of interpolation
data, where —oo <ty <t; < --- <ty < oo. Let us consider F' =1 x R. Let I = [ty,tn],
I, = [tp-1,t,], and L, : I — I,; n =1,2,..., N be contractive homeomorphisms such
that

Ly(to) = th—1, Ln(ty) = tn. (1)

Let F,, : F — R be continuous functions such that

Fn(t07 ZL’O) = Tp-1, Fn(tNu xN) = Tn,

[En(t, ) = Eu(t,27)| < lag|lz — 27|,

(2)

where t € I, z,2* € R, and -1 < a,, < 1; n = 1,2,...,N. Define, w,(t,z) =
(Lyn(t), Fo(t,x)) for allm = 1,2,..., N. The definition of a FIF originates from the follow-

ing proposition:

Proposition 2.1. /2] The above IFS {I X R;w,,n=1,2,..., N} has a unique attractor
G. G is the graph of a continuous function f : I — R which satisfies f(t,) = x, for
n=20,1,2,...,N.
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The previous function f in Proposition 2.1 is called a fractal interpolation func-
tion (FIF) corresponding to the IFS {I x R;w,,n = 1,2,...,N}. Let G = {g : I —

R | g is continuous, g(ty) = = and g(ty) = zx}. Define a metric on G by
plg,h) = llg = hllew = max{|g(t) — h(t)| : t € I} Vg, h € G.

Then, (G, p) is a complete metric space. Define the Read-Bajraktarevi¢ operator T on
(G, p) such that

Tg(t) = E (L, (t),g(L, (), t € I,, n=1,2,...,N. (3)

n

Using Egs. (1)-(2), it can be verified that T'g is continuous on the interval [t,_;,t,] for
n=1,2,...,N and at each of the points ti,ts,...,ty_1. T is a contraction mapping on

the metric space (G, p) i.e.

ITf = Tglloo < loollf = glloo, (4)

where |a|o = max{|a,| : n = 1,2,..., N}. Since |a|, < 1, T possesses a unique fixed
point f (say) on G. Hence, it follows from Eq. (3) that the FIF satisfies the following

functional relation
f(Ln(t) = Fo(t, f(t), tel, n=1,2,...,N. (5)
The most widely studied FIF's so far are defined by the IFS

L, (t) = aut + by,
n=12,...,N, (6)
F.(t,z) = a,z + q,(t),
where o, is called a vertical scaling factor of the transformation w,, and o = (aq, e, . . ., ay)
is the scale vector of IFS.

To construct an a-fractal function h® for a given continuous function h through the
IFS (6), we chose ¢,(t) = h o L,(t) — a,,b(t), where b is a real continuous function such
that b # h,b(ty) = o, b(ty) = xy and h satisfies h(t;) = z;,i = 0,1,2,..., N [9]. An
upper bound of the difference between a continuous function A and its a-fractal function

h® is given in the following proposition.

Proposition 2.2. [12] The uniform distance between the a-fractal function h® and h is

given by
oo
1 — ol

1A% = hlloe < 15 = bll oo, (7)
where |a|oo = max{|a,| :n=1,2,...,N}.

Remark 2.1. For the particular case of o = 0, the fractal function h® agrees with the

given function h.
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The existence of a differentiable or spline FIF is guaranteed by the following proposi-

tion:

Proposition 2.3. [3] Let {(t,,x,)|n =0,1,2,..., N} be the interpolation data with ty <
b <ty <---<ty. Let L,(t) = ant + b, that satisfies Eq. (1) and F,(t,x) = ap,x + ¢,(t)

forn =1,2,...,N. Suppose for some integer r > 0, |a,| < al, and g, € C"[ty, ty];n =
1,2,...,N. Let
(k) (k) (k)
anx + qn (t q (¢ qy’ (tn
Fon(t,z) = —k() To = I ( 0), TN = # k=1,2,...,r. (8
a, ay — Qg any — QN

[f Fn—l,k(tNaxN,k> = Fn’k(t0,$07k) fO’F n = 2, 3, coey N CLTLd ]{7 = 1, 2, NP th@’ﬂ {(Ln(t),
Fo(t,x))})_, determines a FIF f € C"[ty,ty] and f®), k =1,2,...,r, is the FIF deter-
mined by {(Ln(t), Fx(t, )}V

n=1"

Based on Proposition 2.3, we have constructed generalized Lagrange FIF in the con-

struction of generalized Hermite FIF.

3 Generalized Hermite FIF

We construct generalized Hermite fractal interpolation functions in Section 3.1 and
obtain the upper bounds of the error between the Hermite FIF and the original function

in Section 3.2.

3.1 Construction of generalized Hermite FIF

Walsh [16] proved the following uniqueness theorem in the complex plane.
Proposition 3.1. Let the distinct points zg, z1, . . ., zny € C and values wﬁf’, wg), e ,wﬁ?n_l)

€C,n=0,1,...,N be given. Then there exists a unique polynomial p(z) of degree

N
r=—1+> n, (1)
n=0
which satisfies the conditions
PNz =w", v=0,1,...,0,—1,n=0,1,...,N.

The above proposition was generalized by Spitzbart [14] in the case of real functions
giving an explicit expression. With the modern notations, we have chosen the following
construction for the generalized Hermite interpolation [15].

Let us consider the real numbers tn,atgk); Ek=01,...,n,—1, n=0,1,..., N such
that tg < t; < --- < ty. Then there exists a unique polynomial H(¢) whose degree does

not exceed r, where r satisfies Eq. (1) and the interpolation conditions:
HYt)=z", v=0,1,....,0,—1,n=0,1,...,N. (2)
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The above classical generalized Hermite interpolation H(¢) is given by [15]

H(t)=)" Z_ ™ H,, (). (3)

The polynomials H, ; € 1I, are generalized Lagrange polynomials, where II, is the set of
all real polynomials whose degree does not exceed r. To define H,, ;,we have the auxiliary

polynomials

t—t ) &ttt
lnk(t):% H ])773’ OSTLSN, O§k</r/na (4)
’ j=0,j#n

put Hy,,,—1 = lypn,—1, n=0,1,..., N, and recursively &k =n, — 2,1, —3,...,0,

Mn—1

Hoa(8) = Lu(t) = D7 13 (6) Ho(8): (5)

s=k+1
Now, we wish to construct a class of fractal functions such that each member of this class
will satisfy Eq. (2). For a special case of parameters, we will obtain the classical Hermite
polynomial. This fact may be useful whenever some additional condition is imposed to
interpolation, for instance the solution of an optimization problem. We need the following

result for the construction of a generalized Hermite FIF.

Theorem 3.1. Let a finite set of equidistant data: to < t; < --- < ty and {x,(f); k =

0,1,....my,— 1, n=0,1,..., N} be given. Let the fized vertical scaling factor a,,,m =
1,2,..., N to be chosen in the following way:

! = in=20,1 N} —1 6

\am\<ﬁ, p=max{n,;n=0,1,...,N} — 1. (6)

Then, for a fired n and any k = 0,1,...,n, — 1, there exists a fractal function HS, such

that
(H2) ) (ty) = (Hup) " (t), m=0,1,...,N; v=0,1,...,p. (7)

Proof. For the given equidistant data, we define

tm —tme1 1
A = 2L~ =1,2,...,N.
tn—to N

We will define a suitable FIF H¢ (t) satisfying the conditions of Proposition 2.3. This
FIF will agree at the nodes t,, (up to order p, where p > 1, — 1) with H,;(t). Consider
the IFS {(Ln,, F2*); m = 1,2,...,N}, where L, (t) = & + by, satisfying Eq. (1) and
Frk(t,z) = apmr + ¢ (t) such that

" (t) = Hpp, 0 L (t) — cmbpi(t). (8)
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We will choose b, (t) so that Eq. (7) is true and b,;, € C?(I). From Eq. (8),

e (@OD(t)  Ha(t) = N anb) ()
Ny CLJVV—O&N 1—NVOéN

and

o _ (@M (t0) _ Ho () = N"enby) (to)
O,v — - .

al — oy 1— Nvoy

Using these end points in the join-up conditions F,Z’fl,y(t Ny TRE,) = Fk

5 (to, 25%) of Propo-

sition 2.3, we have

an(y)(tN) — NVOéNbS/k) (tN)

S _ b(V) t ]
@ ! |: 1-— NVOéN nk( N)
H,. ™) (to) — Ny b (to) )
= a,, nk 10) 0 4 } —1,2,....N.

|: 1— NVOél nk( 0) m
If all these vertical scaling factors are same i.e. a,, = a*,m = 1,2,..., N, the above
condition gives

H (tn) = by (t) = Hu (to) = {3 (t0). (9)

The Eq. (9) is true if
v=0,1,...,p, (10)

and Eq. (10) is true if we consider Hermite polynomial b, (t) with respect to nodes ¢

and ¢y with contact order p. Hence, b,x(t) is given by
p B p N
b (t) = > HY (to) Hou(t) + Y HL (bn) Hivo (8), (11)
v=0 v=0

where lffo,,, and H N, are generalized Lagrange polynomials defined as follows. Starting

with the auxiliary polynomials

<v<p,

9 = =

(t—to)l/ t—ty \Ptl - _(t—tN)l/ t— 1o p+1. 0
v! ( ) v! ( )

zVO,I/(t) - sy UNv t) -

t()—tN tN_tO

put ﬁm(t) = llp(t) for i = 0, NV, and recursively for v =p—1,p—2,...,0 with i =0, N,

we have
Hi(t) = Lo (8) = Y 15 (4) Hi (1), (12)

Suppose H®.(t) be the fractal function with the choice of b,x(¢) given by Eq. (11). The
IFS associated with (H%,)"(t) is given by (cf. Proposition 2.3 )

1
Lin(t) = =t + by,
(t) N 13)

F (¢, x) = N' o'z + N (@) (t) = N'a*z + HY (L (1)) — NV b, (t)

m n
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Now, according to Eq. (8) and (10)

O (k) 1 (HY(Li(t))
He (v) ta) = nk _ (ql ) o/ _ ( nk \HI\*0)) *bn (v) ¢ )

]' v * v v v
- m(Hr(Lk) (to) — " NV by )(t0)> = H\}(to).
Similarly, we have H,‘jk(”) (ty) = HT(LI,;) (ty). For intermediate points m =1,2,..., N — 1,
Hrozlk(y) (tm) = Fﬁi’i(L%l (tm), Hr?k(y) © L;zl (tm))
= NYa*H" o Ly () + HE) (tn) — N”a* b 0 L} ()
— N"a*HE W (tn) + HY (t) — N”abo ) (ty) = HY (t).

Hence, H¢, is the required generalized Lagrange fractal function. O

Definition 3.1. With these Lagrange fractal functions HZ, defined in Theorem 3.1, the
generalized Hermite FIF H* is given by

N nn_l
t) =y > alH (1), (14)
n=0 k=0

Remark 3.1. If « =0, HY, = H,, and H* = H (c¢f. Remark 2.1) and we obtain the

classical Hermite polynomial case.

For a fixed partition A, a fixed scaling vector o and fixed set of {ng,n1,...,nn}, We
can define an operator H on CP(I) such that H(g) is the generalized Hermite FIF (cf.
Definition 3.1) for a function g € C?(I).

Theorem 3.2. 'H is a linear and bounded operator of CP(I).

Proof. For given g, h € CP(I) and real scalar A, Definition 3.1, we have

N 777L_1

Hig+h)=>_ > (g+h)W(t)H(t) = H(g) + H(h),
n=0 k=0
N777L_1

=33 (M)W (ta) H 4 (t) = MH(g).

n=0 k=0

We consider CP(I) endowed with the norm ||g||cor) = sup [|g™||o. Now,
0<hk<

N 777L_1

(P (9)™ Hoo—sup|zzg W) (Hig) ¥ (t)]

n=0 k=0
N nn_l

< lgllernd D> MHS ) 1

n=0 k=0

(15)
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From the IFS (13) of (Hg )", the vertical scaling factor is N”a*. Using Proposition 2.2,
forv=0,1,...,p,

N¥|a*|
H )Y — (H, ) < ———L(Hyy )™ — (0, 1) || oo
) = (Hnsd) Nl < T2t 1)) = (b))
NP|o*|
————||Hpk — bukller
< 7= Nojor] 1k~ bnllen
this gives
12 e € =L = boklleni) + o (16)
n,k x© — 1 Np| | n, n, C (I) n, C (1)

Combining Eq. (15) and Eq. (16), an upper bound of H is given by

N 1 N T]n—l

N
7] oS S s = balleri + - 3 [ Haller

n=0 k=0 n=0 k=0

3.2 Upper bounds of the error
We need the following result from classical numerical analysis [15].

Proposition 3.2. Consider the real numbers t,,g®(t,), k = 0,1,....n, — 1, n =
N
0,1,...,N such thatty < t; < --- < tx where g is r-times differentiable withr+1 = >_n,.

n=0
If the polynomial H(t) is of degree at most r and satisfies the following interpolation con-
ditions
a%,) = ¢™(t,), k=0,1,....,n,—1,n=0,1,...,N,
then to every t € [to, ty], there exists § € [to, tn] such that

w(f)g" ()

g(t) — H(t) = CESE

where w(t) = (t —to)™(t —t)™ ... (t —ty)™

(17)

Let H* be the Hermite FIF to the original function f. To compute an upper bound
of uniform distance between f and H®, we use Proposition 3.2, Proposition 2.2 and the
definitions of H and H*:

[f = H oo < [If = Hlloo + [[H — H%[[o

K r—l—l ~
< Hf ” +||H— HYow, K= sup |w(t)
( ) te(to,tn]
1
_ K K (18)
+ o] Hn - 7? o]
S g;wnnk,m
K (r+1) o N -1
g“f“+ZDum 'mkmm
(r+1)! =0 k—0 — la|

In order to compute ||H,, x — by k||, We need the following proposition.
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Proposition 3.3. [6,15] Let x(t) € C[to, tn] with u > 25+ 2, let A be any partition of
[to,tn], A 1ty <ty < -+ < tn, and let ¢(t) be the unique Hermite interpolation of x(t)
such that 2 (t,) = ¢M(t,) for all0 <n < N, 0 <v < s. Then, for all | with0 <1< s

|| HA||28+2—1
%0 T 22s2-20g1(25 + 2 4 21)!

lz® — ¢ [Eaaa] ™ (19)

Taking x(t) = H,, x(t) and ¢(t) = b, x(t) with [ =0 and s = 0 in Eq. (19), we have

1[?
Han - bn kHoo = —H k”om (20)

where I is the length of the interval I = [to, ty]. Set L = max{||f® ||« :k=0,1,...,7,—
1in=0,1,...,N} and © = max{||H, k||oo k=0,1,....n,—L;n=0,1,..., N}. From
Eq. (18) and Eq. (20), an upper bound of uniform error bound between the original

function and generalized Hermite FIF is given by

E|f"* e | HP(r+1)
(r+1)! 8

If = H oo < LO. (21)

For convergence of H* and its derivatives towards the original function f, consider the

following for v =0,1,...,p.

N77n1
|H®) — (5O < T R YOy
00 00 ,,| | n,k n,k 1100
n=0 k=0
Nnnl
i
<ZZ||fHCP Noor |HHn,k_bn,kHCP(I)
n=0 k=0

which gives that

n—1
Np|a [ fller im

H — H%|c»
| lery < —— Nlor|

HHan - bn,kHCP(I) (22)
n=0 k=0

Hence, we have the following result.

Theorem 3.3. Let f(t) € CP(I) be the original function approzimated by a generalized

Hermite FIF H*(t) such that || < 57, where p = max{n,;n =0,1,...,N} — 1. Then,

. NP| ||| Fllon(r) o=
1f = Heray < Wf = Hlloway + —— N7lor] D I Hug = bosllos

n=0 k=0

Proof. Using the triangle inequality,
If = Heray < f = Hlleray + I|1H = H{| ey

and Eq. (22), Theorem 3.3 follows. For the first term of the sum, one can apply a classical

theorem of Hermite interpolation error. O
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4 Examples
Suppose N =2, ng = 3,1, = 4,1, = 2 and

t(] = 0, Ty = 1, Ty =
=2 z=-1, #V=-3 2P =-8 2Y=-5

t2 = 4, To = 3, l’gl) =1.

From the given data, we have a,, = 1/2 for m = 1,2 and

t t
Lit)==, Li(t)==+42
1(t) 5 1(2) 5 T
According to Eq. (6), a* < 5.
For n = 0, using Eq. (5) , we have
(1+ 3t + )t — 2)*(t — 4)? £2(t — 2)M(t — 4)?
H — H —
(2t +5t%)(t — 2)*(t — 4)?
H, = .
0a(1) 512
Similarly, for n = 1, we have
t3(64 — 64t + 2412 — 3t3)(t — 4)* B3t —2)2(4—1)3
Hiolt) 256 » Hha) 128 ’
3(20 — 14t + 3t2)(t — 2)(t — 4)? t3(t — 2)3(t — 4)?
1) 128 ’ 13(t) 192
and for n = 2,
48 — 11)13(t — 2)* t3(t —4)(t — 2)*
Hao(t) _( )E(t - 2) Haa(f) = (t—4@ -2

4096 ’ 1024

For the construction of b,;, we need the following Hermite polynomials of order 3 (cf.
Eq. (12)).

3 (T4t+ 22+ 23t —4)* o (1 +1t)(t —4)*

Hoolt) = 256 : 02(t) = 512 ’
gy = LSO g = BT
. 35,2 5 43\44 404 NN2(E _
ffzvo (t) = (35 — 21t +2 ;615 St | ffz,z () = t4(t 22(5 t)’
. 542\(+ _ A\44 401 1\3
Flm(t) _ (15 — 6t +2;g)(t 4)t | FI273(1€) _ %.
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"h1"u EL:Z
“input'ul:2 o

Figure 1.— Hermite FIF with o* = 0.1.

"h2" u EL:Z
“input'ul:2 o

Figure 2.— Hermite FIF with o* = —0.1.

"class” u 1:2
“input'ul:2 o

Figure 3.— Classical Hermite Interpolation with a*
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From Eq. (11), the desired b, are computed as follows.

(32 4 16t + 6t% — 132t> + 21¢* + 5t°) (¢t — 4)? (2 — 4t + )2 (t — 4)?

boo(t) = =12 ;o boa(t) = 6l ;
b (1) = (16 + 8t — 56t% + 12t° 4 ¢t4)t(t — 4)?
O 256 ’
RO (C10+ ) (t— 4%
bio(t) = T bia(t) = 39 ;
(4—-)pt (A2t 2)(t—4)%P
bia(t) = 50 bi3(t) = o6 )
(96 + 138t — 164t + 5112 — 5t*)t3 (4 + 8t — 6t +¢3)(t — 4)t3
ba0(t) = 512 o baalt) = 256 '

From Theorem 3.1, the IFS for the generalized Lagrange FIF corresponding to H;

is given by
t
Ly(t) = — + b,
N (1)
F™(t,2) = amd + Hpp 0 L (t) — ambni(t).
In view of Eq. (6), we have chosen o* = 0.1 and o* = —0.1 in the construction of the

generalized Hermite FIFs. With the above choices for the vertical scaling factors, and
the mappings H,; and by, the iteration of the resulting IFS code Eq. (1) generates the
generalized Lagrange FIFs HZ,. Using these H,

n,k’

we have plotted the generalized Her-
mite FIFs of Eq. (14) (see Figure 1 and Figure 2). Finally, we have chosen o* = 0. Since
F7k(t, ) reduces to function of ¢ only in this case, HZ(t) = Hy(t) and consequently
H“(t) agrees with the classical Hermite interpolation function H(t) (see Figure 3). With
the effective use of scaling factors, our construction of Hermite FIF's offers additional ad-
vantage over the classical Hermite interpolation functions. The use of Hermite FIF may be
exploited in computer graphics, radial basis functions, and smooth object approximation
in scientific problems as one can have infinite number of Hermite FIF's depending on the
scaling factors, giving thereby a large flexibility in the choice of Hermite FIFs according

to the need of an experiment.

5 Conclusion

In this paper, we generalize the classical Hermite interpolation by a class of fractal
interpolants. This problem prescribes at each support mesh points not only the value
of a function but also its derivative up to any finite order. The order of derivatives at
each node is non-constant and generalizes the case considered in the reference [11]. In
the simulation of smooth curves, our construction offers a large flexibility in the choice
of a suitable interpolating Hermite fractal curves. This fact may be useful whenever
some additional condition is imposed to the interpolation, for instance the solution of an

optimization problem. Some upper bounds for the error between the original function f
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and the generalized Hermite FIF are deduced and these bounds depend on the scaling

vector .
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